We extend application of our lowest-order perturbative approach (in electron-electron correlation) for analysis of photo-double-ionization (PDI) of He [A.Y. Istomin et al., J. Phys. B 35, L543 (2002)] to excess energies up to 450 eV and to analysis of circular dichroism. We find that account of electron correlation in the final state to first order provides predictions for the triply differential cross section and circular dichroism that are in reasonable agreement with absolute data for excess energies up to 80 eV. For an excess energy of 450 eV, account of electron correlation in both initial and final states is necessary and the predicted triply differential cross sections are in agreement with absolute data only for large mutual ejection angles. We find that at excess energies of a few tens of eV, the PDI is dominated by the "virtual" knock-out mechanism, while the "direct" (on-shell) knock-out process gives only small contributions for large mutual ejection angles. As a result, we conclude that the circular dichroism effect at these energies originates from the nonzero electron Coulomb phase shifts.
I. INTRODUCTION
Over many decades both the theoretical analysis and the experimental measurement of single-photon, doubleionization (PDI) processes, especially for the He atom, have been of intense interest [1] [2] [3] . Owing to the difficulty of describing the six-dimensional double-continuum final state, most theoretical treatments have employed significant approximations. Initially, theorists employed ground-state wave functions and uncorrelated final-state wave functions calculated in the field of the doubly charged ͑Z =2͒ He nucleus [4, 5] . By the mid-1970s, however, theorists shifted to perturbation theory treatments (using either Coulomb [6] [7] [8] or, more recently, various forms of Hartree-Fock [9] [10] [11] [12] basis functions) in order to introduce correlation effects between the two ionized electrons. All of these theoretical treatments have focused on the total cross section for double ionization of He. It is only in the past decade or so that attention has shifted primarily to the triply differential cross section (TDCS), which describes the angular distribution of the two ionized electrons and which is a much more sensitive test of theoretical approximations and models. These more recent theoretical treatments of the differential and total cross sections have reverted to using correlated or uncorrelated ground-state wave functions and different kinds of improved analytical final-state wave functions, including the so-called 3C (three Coulomb) functions [13] (which satisfy the proper asymptotic boundary conditions for double ionization [14] [15] [16] [17] [18] [19] [20] [21] ), independent-particle final-state wave functions calculated in the field of momentum-dependent effective Coulomb charges [22, 23] , and modified 3C functions that involve momentum-dependent effective charges [21, 24] . In general, even though the TDCS angular patterns are reproduced qualitatively, in those works where comparison with absolute experimental data is made (see, e.g., Refs. [20, 24] ), various scaling factors had to be introduced; also, the results of these treatments depend significantly upon the gauge employed. Perturbative treatment of the TDCS was discussed in general in Ref. [25] , but an actual calculation using lowestorder perturbation theory (LOPT) with a basis of Z = 2 Coulomb functions was only carried out recently [26] . The recent availability of absolute experimental data for the TDCS [20, [27] [28] [29] [30] [31] , although for a limited number of photon energies, has stimulated also nonperturbative numerical theoretical treatments of the two-electron correlations. The eigenchannel R-matrix method [32] , the hyperspherical closecoupling method [33] , and the convergent close-coupling (CCC) method [34] were used to evaluate the total doubleionization cross section and the ratio of double-to singleionization cross sections. The TDCSs have been calculated using the CCC method [29, 35, 36] , the hyperspherical R-matrix method with semiclassical outgoing waves (HRM-SOW) [37] , and the time-dependent close-coupling (TDCC) method [38] , which involves direct solution of the timedependent Schrödinger equation.
Much has been learned from these nearly four decades of theoretical analyses; we note here several aspects which motivate the present work. First, the double-ionization process is highly sensitive to the gauge in which the electric dipole interaction is evaluated [11, 16, 21, 39] ; for low photon energies the velocity gauge is least sensitive to higher-order perturbative corrections [9] and is found to give the best absolute values for the TDCS [21] . Second, the TDCS is very sensitive to final-state (FS) correlations (in all gauges), and for the case of equal energy sharing is not sensitive to the precise form of the initial-state wave function [21] . [Indeed, the total double-ionization cross section for low photon energies ͑ഛ500 eV͒ may be described quite accurately (in the velocity gauge) by taking only final-state correlations into account [11] .] Third, the detailed perturbation theory analyses of Refs. [9] (for ഛ 290 eV) and [12] (for ഛ 14 keV) provide much information on approximate ways to take into account high-order correlation terms. Specifically, many higher-order FS correlation terms that have to do with electron screening effects can be taken into account by using two different basis sets for the ionized electrons, with the faster electron seeing a net charge of Z = 1 and the slower electron seeing a net charge of Z =2. (Reference [9] suggests that if a single basis set is to be employed, it should probably have 1 ഛ Z ഛ 2; however, no calculations for such a single set were carried out.) Regarding ground-state (GS) correlations, Ref. [9] indicates that higher-order terms tend to cancel the lowest-order GS correlation diagram, particularly when a basis of Z = 2 wave functions is employed.
Recently, Keller [26] has reported the first LOPT calculation of the TDCS for double photoionization of He using a basis of Z = 2 Coulomb functions. For the case of symmetric energy sharing there is qualitative agreement with experiment, while for asymmetric energy sharing there are qualitative discrepancies with experiment. In all cases, the theoretical results must be scaled by factors ranging from 0.10 to 0.19 in order to be compared with the absolute experimental data [29] . Because for the single-particle binding energies in intermediate states a value equal to one half (i.e., 39.5 eV) the experimental double-ionization energy ͑79 eV͒ was used [26] (instead of using the theoretical Coulomb binding energy −Z 2 /2), the results of these calculations should be gauge dependent even if all LOPT diagrams are included. Within the velocity gauge, which is the only one employed, the GS correlations are predicted to have only a small influence on the TDCS relative to FS correlations.
We have recently presented results of another set of calculations of the TDCSs using a LOPT account of electronelectron interactions [40] . As shown in Ref. [40] , account of final-state correlations to lowest order, combined with an account of electron screening in the ground state, provides TDCSs that are in excellent agreement with both absolute experimental data and with accurate theoretical results for an excess energy of 20 eV. The range of the excess energies over which the approach in Ref. [40] is applicable remains an open question.
In the present work we provide a detailed presentation of the theoretical approach for the double ionization TDCS for He that was only sketched briefly in Ref. [40] . We also analyze the predictions of this approach over a broad energy range (up to excess energies of 450 eV). Finally, we analyze in detail the circular dichroism (CD) effect in the TDCS for double ionization of He, i.e., the fact that the TDCS is different for right-and left-circularly polarized light. We find that LOPT account of final-state electron correlation, combined with variational account of electron screening in the ground state, provides predictions for the TDCS that agree reasonably well with both experimental data and the most accurate ab initio theoretical results for excess energies up to 80 eV. At higher excess energies, such as at 450 eV, account of both ground-state and final-state correlations is necessary; we find that LOPT provides predictions for the TDCS that are in reasonable agreement with experimental data and accurate theoretical results only for large mutual ejection angles. Analysis of our CD results shows that (for excess energies of the order of tens of eV) the CD effect originates from nonzero Coulomb phase shifts. Our predictions for CD are in excellent agreement with absolute experimental data for an excess energy of 20 eV.
II. THEORY A. General results
Using the velocity gauge for the electric dipole interaction of atomic electrons with a photon having the frequency and the unit (in general, complex) polarization vector e ͑e · e * =1͒, the TDCS for PDI from S states of He or He-like ions has the following form:
where p 1 and p 2 are the photoelectron momenta, C 0 = ͑4 2 ␣p 1 p 2 ͒ / is an overall constant factor ͑where ␣ =1/137͒, and M͑p 1 , p 2 , e͒ is the transition amplitude,
In Eq. ͑2͒, E 0 ͑r 1 , r 2 ͒ is the ground-state wave function and p 1 p 2 ͑r 1 , r 2 ͒ is the wave function for the final two-electron continuum state, which we assume to be normalized according to ͗ p 1 p 2 ͉ p 1 Јp 2 Ј ͘ = ␦͑p 1 − p 1 Ј͒␦͑p 2 − p 2 Ј͒. ͑Atomic units are used through this paper, unless otherwise stated.͒ Since we consider PDI from the 1 S state and since the photoion has zero angular momentum, the PDI amplitude is a rotationally invariant scalar and its general form follows from general symmetry arguments ͓23͔,
Thus, the entire dynamics of the PDI process for a He-like system is completely described by a single scalar function, the polarization-independent amplitude f, which depends on the absolute values of the two photoelectron momenta and their mutual angle 12 ϵ , where cos = p 1 · p 2 . ͓Note that for a fixed excess energy E ͑where E = E 0 + = p 1 2 /2+ p 2 2 /2͒, f depends only on two independent variables.͔ The general form of the angular dependence of the invariant amplitude f is given by its multipole expansion in terms of derivatives of the Legendre polynomials,
where ͗p , pЈ ; ͑l 1 , l 2 ͒1 ͉͉D ͉͉0͘ is a two-electron reduced matrix element of the dipole operator between the 1 S ground state and the 1 P final ͑two-electron͒ continuum state, ͑p , pЈ͒ = ͑p 1 , p 2 ͒ or ͑p 2 , p 1 ͒, and l 1 and l 2 are the individual orbital angular momenta of the two photoelectrons, which couple to the total orbital angular momentum L = 1. Substituting Eq. ͑3͒ into Eq. ͑1͒ we obtain an expression for the TDCS for the general case of an elliptically polarized photon as the sum of four polarization-and angular-dependent terms ͓41͔,
where f 1 ϵ f͑p 1 , p 2 , cos ͒, f 2 ϵ f͑p 2 , p 1 , cos ͒, k is the unit vector in the direction of the photon beam, and = ik · ͓e ϫ e * ͔ is the degree of circular polarization of the photon. The last term in Eq. ͑5͒ describes the dependence of the TDCS upon the photon helicity, i.e., the CD effect ͓15,41͔. The parametrization of the transition amplitude and the TDCS in terms of the single function f͑p , pЈ , cos ͒ ͓which is different for the sets ͑p , pЈ͒ = ͑p 1 , p 2 ͒ and ͑p 2 , p 1 ͔͒ is equivalent to that in terms of the symmetrized amplitudes, a g and a u ͓42,43͔, which are, respectively, symmetric and antisymmetric in the interchange of electron momenta, and which may be expressed in terms of the amplitude f as follows:
Though this parametrization does not simplify the general analysis, it is particularly convenient for the case of equal energy sharing, p 1 = p 2 , when f 1 = f 2 and a u vanishes. Multipole expansions of the symmetrized amplitudes equivalent to Eq. ͑4͒ were obtained in Ref. ͓43͔.
B. LOPT approach for account of electron correlations
Equations (3)-(6) are very general and independent of the dynamical model used to describe correlated electron motion in both the ground state and the two-electron continuum [or to estimate the two-electron dipole matrix elements in Eq. (4)]. In this work, we employ the simplest approximation to evaluate the polarization-invariant amplitude f͑p , pЈ , cos ͒, that is, we use the LOPT in the interelectron interaction ͑1/r 12 ͒ to account for electron correlations in the ground state E 0 ͑r 1 , r 2 ͒ and in the two-electron continuum state p 1 p 2 ͑r 1 , r 2 ͒ in the transition amplitude (2). In LOPT using a basis of one-electron Coulomb orbitals for a nuclear charge Z, the total amplitude (2) for a He or a He-like ion can be schematically represented by four diagrams, in which the electron correlation interaction is taken into account either in the final state [ Fig. 1(a) ] or in the ground state [ Fig. 1(b) ]. The direct amplitudes are depicted in Fig. 1 ; the exchange amplitudes have final electron momenta p 1 and p 2 interchanged. Analytical expressions for the amplitudes presented in Fig. 1 are
͑9͒
where G E F and G E G are one-particle Coulomb Green Functions ͑CGFs͒ with energy parameters E F = E p 1 Use of the LOPT approach to account for electron correlations in PDI of He for an excess energy of the order of tens of eV reveals a number of difficulties compared to previous applications of LOPT to describe the PDI process at high excess energies (see, e.g., Refs. [7, 25, 44] ). The first difficulty is that if one employs a single-particle Coulomb basis set using the bare charge of the He nucleus, Z = 2, the theoretical zero-order ground-state energy of He ͉͑E th ͉ =2͉ ⑀ 1s ͉ = Z 2 /2 = 108.84 eV͒ is very different from the experimental value ͉͑E expt ͉ = 79.02 eV͒. One way to bypass this problem is to use a Coulomb basis set with an effective, e.g., variational, screened charge Z s . (This approach was used in Ref. [40] .) Another (ad hoc) way would be to set the one-electron ground-state binding energy equal to one half the experimental two-electron binding energy, ͉E expt ͉, i.e., ⑀ 1s = E expt / 2, and to use these values in the energy parameters E F and E G of the CGFs in Eqs. (7) and (8) . [This approach, i.e., using ⑀ 1s ϵ −͑79.02/ 2͒ eV, was used in Ref. [26] .] However, if one is mostly concerned about PDI of He by high-energy photons (as well as of He-like ions with higher nuclear charge, Z ജ 2), the discrepancy between the theoretical and experimental energies becomes far less significant. A second difficulty in direct application of a LOPT approach to the analysis of the PDI process lies in the fact that for excess energies of the order of tens of eV, the LOPT GSC amplitude, which is evaluated using an uncorrelated final state (and whose predicted angular distribution is very different from experiment), overestimates the role of GSCs, i.e., its effect is reduced when higher-order GSC terms are taken into account. In order to bypass these two difficulties, we use two substantially different models for taking electron correlation into account for the cases of intermediate (i.e., tens of eV) and high (hundreds of eV) excess energies. 
Model for intermediate excess energies
In the case of intermediate excess energies, we account for electron screening in the ground state by using the wellknown variationally determined effective charge, Z s = Z − 5 / 16, and take final-state electron correlation into account to first order. (For He, use of Z s = 27/ 16 gives ͉E th ͉ Ϸ 77.5 eV, which is close to the experimental value of 79.02 eV.) The question now arises as to what basis set should one use to represent intermediate and final states in this model. In any perturbation theory approach it is usually preferable to employ a single one-electron basis set of states, in order to avoid having to deal with nonorthogonality between orbitals belonging to different basis sets as well as to have gauge-invariant transition amplitudes. Therefore, if one uses an effective charge of Z s = 27/ 16 in defining the groundstate one-electron functions, in order to maintain both orthogonality of the one-electron orbitals and gauge invariance, one should use this value to describe all excited and continuum one-electron basis functions. Physically, however, as the photon energy increases, the escaping electrons spend less time near the nucleus and thus their mutual screening becomes less significant; asymptotically, of course, each electron sees an effective nuclear charge of 2. Thus, on physical grounds it would seem that as the photon energy increases, the use of two basis sets becomes physically more appropriate: for the ground state, a set of one-electron orbitals calculated for an effective nuclear charge Z s = 27/ 16 and for intermediate and final states, a set of one-electron orbitals calculated for the bare nuclear charge, Z = 2. Of course, any complete basis set will do if one treats electron correlations to high order; but if, as here, one wishes to treat final-state correlations in lowest order, then the choice of basis set becomes very important. Also, we employ the velocity gauge, for the reasons discussed in the introduction above (i.e., it is the least sensitive and provides the best absolute values). As has been shown in Ref. [40] , the first approach (which uses a single basis set) provides TDCSs that are in excellent agreement with available absolute experimental data for an excess energy of 20 eV. However, we have found that the second approach, which uses the Z s = 27/ 16 basis set in the ground state only and which is somewhat more consistent from a physical point of view, provides better agreement for higher excess energies, up to 80 eV. (The TDCSs obtained using these two approaches are compared with results of accurate ab initio calculations of Colgan and Pindzola [45] and Kheifets and Bray [46] in Fig. 2 .) Therefore, for excess energies in the range of 20 eV to 80 eV we employ the approach which uses the Z s = 27/ 16 basis set for ground-state orbitals, and the Z = 2 basis set for intermediate and final-state orbitals of He. Our approach corresponds to an assumption (which is supported by good agreement with experimental data and with other ab initio calculations) that, for the excess energies considered, the PDI process is dominated (in the velocity gauge) by final-state correlations (i.e., the TS-1 mechanism dominates) and that the entire effect of electron-nucleus and electron-electron interactions in the ground state may be taken into account on the level of screening effects, by using the "screening charge," Z s = Z − 5 / 16. Thus, for intermediate excess energies, we approximate the total amplitude (2) by the sum of two matrix elements, M F ͑p 1 , p 2 ͒ and M F ͑p 2 , p 1 ͒, and use in Eqs. (7) and (9) the following form for the variational ground-state orbitals 0 ͑r͒,
Model for high excess energies
In the case of high excess energies (of the order of a few hundred eV), the contributions of electron correlations in initial and final states are equally important. Therefore at high photon energies we take into account both FS and GS correlation amplitudes, M F and M G , and use the bare nuclear charge Z in all basis states. This approach provides gaugeindependent predictions for the TDCS. If the theoretical value for the one-particle ground-state energy ⑀ 1s =−Z 2 /2 is used (as in our approach), the transition amplitude, M = M F 
Scaling properties
Although in the present paper we only discuss results for neutral He, we emphasize that LOPT calculations are most appropriate for He-like ions with higher Z because the omitted high-order correlation corrections have a relative magnitude of the order of Z −1 . Thus the LOPT results are more accurate for high-Z He-like ions (including for the groundstate energy). We note also that the results of LOPT calculations (using a single basis set) can be easily Z scaled for application to PDI of highly charged He-like ions, as follows [47] :
Treatment of photoelectron orbital angular momenta
Finally, in order to evaluate the matrix elements (7)-(9) we use two different approaches: (i) conventional partialwave expansions for 1 / r 12 , the CGF, and the Coulomb continuum states, taking only s, p, d, and f electron partial waves into account; (ii) exact account of all individual photoelectron angular momenta by using a closed form for the Coulomb continuum states, a representation for the CGF in parabolic coordinates, and an integral representation for 1/r 12 . In both cases we present general derivations for M F using Eq. (10) to represent the ground-state orbitals, while for M G we use Eq. (10) with Z s = Z. Detailed descriptions of each of these two methods for treating photoelectron orbital angular momenta are given in the following two sections.
C. Partial-wave expansions of the PDI amplitude
In our first approach we use partial-wave expansions for the continuum Coulomb wave functions, for the CGF, and for 1 / r 12 in Eqs. (7)- (9),
g l ͑E;r,rЈ͒Y lm ͑r͒Y lm * ͑rЈ͒, ͑17͒
where ␦ l ͑p͒ = arg ⌫͑l +1+i͒ is a Coulomb phase shift, = Z / p, and r Ͻ = min͑r , rЈ͒, r Ͼ = max͑r , rЈ͒. R pl ͑r͒ is the radial part of the Coulomb wave function,
where ⌽ is a confluent hypergeometric function and C pl =2p exp͑ /2͉͒⌫͑l +1+i͉͒. The radial function ͑19͒ is normalized as follows: 
where =1/ ͱ −2E ͑ = i͉͉ for E Ͼ 0͒ and I n ͑x͒ is a modified Bessel function. With the above definitions, the transition amplitude ͑2͒ may be expressed as an infinite sum over partial-wave amplitudes,
where only l 2 = l 1 ± 1 contribute, owing to the 
where l 2 = l 1 ±1, l Ͼ = max͑l 1 , l 2 ͒, â , b , and ĉ are arbitrary unit vectors, and P l Ј͑x͒ is the derivative of the Legendre polynomial. This formula was obtained by using the reduction formula ͑C2͒ for bipolar harmonics of rank 1 given in Ref.
͓41͔. The angular integrations in Eq. ͑8͒ which involve the ٌ operator are evaluated using the Wigner-Eckart theorem ͓49͔ and the formula ͑C2͒ of Ref.
͓41͔. As a result, each term of the series ͑21͒ can be written as follows:
where the angular dependence of the amplitudes is given by
͑24͒
The dynamical factors D F,G ͑l 1 l 2 ͒ ͑p 1 , p 2 ͒ are proportional to radial matrix elements in which all radial integrals are evaluated analytically using integral representations for the radial parts of the CGF ͓Eq. ͑20͔͒ and of one Coulomb wave function R pl ͑r͒ ͑see Appendix A͒. As a result, the final expres-
in terms of two-dimensional integrals that are to be evaluated numerically.
Equations (21), (23) , and (24) give the same angular dependence for the amplitude f as the ab initio expression (4). The final expression for the polarization-invariant amplitude f F,G ͑p 1 , p 2 , cos ͒ in which either FS or GS correlation is taken into account, is
The amplitude which accounts for both FS and GS correlations is given by
It may be expected that for excess energies of the order of tens of eV the dominant contributions to the transition amplitude will be given by the lowest individual electron orbital angular momenta. Indeed, as can be seen from our numerical results, presented in the following two sections, only s, p, d, and f waves contribute significantly to the TDCS for excess energies up to 80 eV. For this case, the amplitudes f 1 ϵ f͑p 1 , p 2 , cos ͒ and f 2 ϵ f͑p 2 , p 1 , cos ͒ in Eq. ͑3͒ can be expressed as
where P 2 Ј͑x͒ =3x, P 3 Ј͑x͒ = ͑15x
2 −3͒ / 2, and a i , b i are complex coefficients,
and the coefficients b i are obtained from a i by exchange of p 1 and p 2 . In Sec. III we present results for the TDCS obtained using this parametrization along with a table of coefficients a i and b i for various excess energies and energy sharings. We also compare the TDCS results obtained using s, p, d, and f waves with those obtained from our calculations that account for all angular momenta, which are described in the following section.
D. Exact account of all individual electron angular momenta
At high excess energies (of the order of hundreds of eV), the ab initio parametrization (4) for the angular dependence of the polarization-invariant amplitude f͑p , pЈ , cos ͒ (as well as the similar parametrization (25) of the LOPT amplitude) becomes ineffective, since it becomes necessary to account for a large number of individual electron orbital angular momenta. Although the numerical technique described in Appendix A allows one to calculate the dynamical parameters D F,G ͑l,l±1͒ ͑p 1 , p 2 ͒ up to high values of l, a closed form for the polarization-invariant amplitude is useful for the analysis of the TDCS at high excess energies. Also, an expression for f in closed form allows one to estimate the contributions of high orbital angular momenta. The key idea of the approach, which allows one to account exactly for all individual electron orbital angular momenta, is to avoid the use of the partial-wave expansions in Eqs. (7)- (9) by employing instead of Eq. (16) a closed form for the continuum Coulomb wave functions,
where A p ͑−͒ = exp͑ /2͒⌫͑1+i͒, and employing instead of Eq. ͑17͒ the integral expression for the CGF in parabolic coordinates ͓50,51͔,
For 0 ͑r͒ given by Eq. ͑10͒, the potential U p ͑r͒ in Eq. ͑9͒ may be transformed into the following form ͑for Z s = Z, a similar expression is given in Ref. ͓52͔͒:
where
This expression is obtained through the use of the integral representation,
with subsequent analytical integration over rЈ in Eq. ͑9͒.
Since the dependence of U p ͑r͒ on r in Eq. ͑31͒ is simple, all spatial integrals over parabolic coordinates of the vectors r and rЈ in Eqs. ͑7͒ and ͑8͒ can be evaluated analytically ͑an example of similar calculations is given in Ref.
͓51͔͒. The result of integration over the azimuthal angle of the vector q, q , can be expressed in terms of the Legendre functions P ͑t͒ ͑see Appendix B͒. Therefore, the final expressions for the matrix elements M F and M G contain only three remaining integrations: a one-dimensional integral over x ͓which appears in the integral representation for the CGF in Eq. ͑30͔͒ and a two-dimensional integral over the components q and q of the vector q. These resulting three-dimensional integrals are to be evaluated numerically. The final expressions for the amplitudes f 1 ϵ f͑p 1 , p 2 , cos ͒ and f 2 ϵ f͑p 2 , p 1 , cos ͒, which account for all individual electron orbital angular momenta, may be expressed in terms of two functions, A͑p 1 , p 2 , ͒ and B͑p 1 , p 2 , ͒, as follows:
or, equivalently,
Explicit integral expressions for A͑p 1 , p 2 , ͒ and B͑p 1 , p 2 , ͒ are given in Appendix B, where it is also shown that for = 0 and only the functions B contribute to the amplitudes f 1,2 . We emphasize that the technique described above allows one to calculate the LOPT TDCS over a wide interval of energies without any of the additional approximations that have been used in previous high-energy, LOPT calculations ͑see, e.g., Refs. ͓7,44͔͒, such as, e.g., the plane-wave Born approximation for one of photoelectrons, etc.
III. ANALYSIS OF THE TDCS FOR LINEARLY POLARIZED LIGHT
In this section we present our results for the TDCS for PDI of He by linearly polarized photons for various excess energies up to 450 eV. As described in Sec. II B, we use two substantially different LOPT models to account for electron correlation, one for intermediate excess energies (25 eV, 40 eV, 60 eV, and 80 eV) and another one for a high excess energy ͑450 eV͒. Because the experimental data for these energies are not absolute, we compare our results also with those of accurate ab initio calculations.
A. Intermediate excess energies
As has been shown in Ref. [40] , account of final-state correlation to lowest order, combined with variational account of electron screening in the He ground state, provides TDCSs that are in excellent agreement with available absolute data as well as with accurate ab initio calculations for an excess energy of 20 eV. In this section we present our results for the TDCS for excess energies of 25 eV, 40 eV, 60 eV, and 80 eV. We compare our results with available relative experimental data, with results of the time-dependent closecoupling calculations (TDCC) of Colgan and Pindzola [45] , and with results of the CCC calculations of Kheifets [46] .
Our data presented in Figs. 3-8 were calculated using the model that takes into account FSC to lowest order and uses [45] . The experimental data of Collins et al. [53] have been normalized to the TDCC results at 1 = 0°except for the 1 = 90°measurements, which were normalized differently, as in Ref. [45] . Note that the dashed curves are virtually indistinguishable from the full curves in this figure. the variational value Z s = 27/ 16 in the (uncorrelated) groundstate wave function and Z = 2 in the intermediate and final states. The full curves present results which account for all individual electron orbital angular momenta, while the dashed curves account for s, p, d, and f waves only.
In Fig. 3 we compare our results to the experimental data of Collins et al. [53] and to the TDCC calculation of Colgan and Pindzola [45] at an excess energy of 25 eV for an unequal energy-sharing case. As one sees, our results agree in general with both experimental and theoretical results. The major discrepancies are similar to those found in Ref. [40] : for the cases of ejection of one electron along (or close to) the photon polarization direction [Figs. 3(a) and 3(b)], there is an unphysical enhancement of the TDCS at small mutual ejection angles 12 . This is due to the inadequacy of a LOPT account of the strong Coulomb repulsion between electrons. In the case of ejection of one electron perpendicular to the photon polarization direction [ Fig. 3(c) ], the maxima of our predicted TDCSs are smaller than predicted by TDCC theory.
Comparison of our calculated TDCS with the TDCC calculation of Colgan and Pindzola [45] and with the experimental data of Cvejanovic et al. [54] and Bolognesi et al. FIG. 4 . TDCS for double photoionization of He at an excess energy of 40 eV for equal energy sharing. Full, dashed, and dotted theoretical curves are defined as in Fig. 3 ; dot-dashed curves, results of the CCC calculations of Kheifets and Bray [54] . The experimental data of Cvejanovic et al. [54] have been normalized to the TDCC results [45] at 1 = 95°, as in Ref. [45] .
FIG. 5. TDCS for double photoionization of
He at an excess energy of 40 eV for unequal energy sharing: E 1 = 5 eV, E 2 =35 eV. Full, dashed, and dotted theoretical curves are defined as in Fig. 3 ; dot-dashed curves, results of the CCC calculations in Ref. [55] . The experimental data of Bolognesi et al. [55] have been normalized to the CCC results at 1 = 0, as described in Ref. [55] . FIG. 7. TDCS for double photoionization of He at an excess energy of 60 eV for equal energy sharing. Full, dashed, and dotted theoretical curves are defined as in Fig. 3 ; dot-dashed curves, results of the CCC calculations of Kheifets [56] . The experimental data of Dawson et al. [56] [56] and the TDCC calculation of Colgan and Pindzola [45] .
At an excess energy of 80 eV and equal energy sharing (Fig. 9) , the discrepancies between predictions of our model and those of the accurate ab initio CCC calculations [46] become more pronounced.
Our results that account for only s, p, d, and f final-state electron orbital angular momenta, represented by the dashed curves in Figs. 3-9, were calculated using Eq. (27) for the amplitude f in Eq. (26) . As one sees, these results are nearly identical to those that account for all angular momenta (represented by the full curves). In Table I we present the coefficients a i and b i that were used in Eq. (27) for all excess energies and energy sharings presented, as well as for a number of intermediate values. Using the data given in the Table  I one can easily construct the amplitudes f 1 and f 2 as well as the TDCS and the CD parameters for any kinematical situation which corresponds to the particular values of excess energies and energy sharings for which the coefficients a i and b i are given.
B. Physical mechanism of PDI at intermediate energies
Using our approach, it appears to be possible to identify a distinct physical mechanism for PDI at intermediate excess energies. In our model, which treats FSC to first order, the PDI transition amplitude is given by Eq. (7) and the associated diagram, Fig. 1(a) , corresponds to the knock-out mechanism of PDI. The CGF in Eq. (7) is evaluated for a positive energy parameter, E = E F , and may be written using the following spectral representation:
Recalling the identity,
where P denotes the principal value, the real and imaginary parts of Eq. ͑36͒ may be written as
where kЈ 2 /2=E. When the real and imaginary parts of the CGF in Eq. (38) are substituted into Eq. (7) for the FSC amplitude, the imaginary part of the CGF gives rise to the so-called "direct" (on-shell) knock-out mechanism for PDI, which has a direct classical interpretation: one electron absorbs the photon, and becomes excited to a continuum state with asymptotic momentum kЈ; then it knocks-out the second electron, and they both leave with asymptotic momenta p 1 and p 2 . Since energy conservation fixes only the energy of the "intermediate" electron [cf. Eq. (38)], the amplitude involves an integration over all directions of kЈ. The PDI amplitude involving the real part of the CGF in Eq. (38) corresponds to the so-called "virtual" knock-out mechanism, which may be considered a quantum counterpart of the classical knock-out process.
Insight into the physical mechanism of the PDI knock-out process can be obtained by comparing the contributions of the real and imaginary parts of the CGF to the transition amplitude (7) . One way to do this is to directly evaluate the contribution of the imaginary part of the CGF. In our study, FIG. 8 . Same as shown in Fig. 7 , but for the case of E 1 = 5 eV, E 1 =55 eV.
FIG. 9. TDCS for double photoionization of He at an excess energy of 80 eV for equal energy sharing. Present theoretical results, indicated by the full and dashed curves, are as defined in Fig.  3 ; dotted curves, results of the CCC calculations in Ref. [46] . The experimental data of Turri et al. [46] have been normalized to the CCC results, as in Ref. [46] . however, it is more convenient to use the results already obtained for the partial-wave amplitudes M F ͑l 1 l 2 ͒ in Eq. (21). If one uses the multipole expansions for the continuum states, the CGF may be rewritten in terms of eigenstates of energy and orbital angular momentum, ͉Elm͘, to yield
The contributions of the real and imaginary parts of the CGF to each term M F ͑l 1 l 2 ͒ can now be extracted easily; they are given by the real and imaginary parts of the radial matrix elements R F ͑l 1 l 2 ͒ [see Eqs. (A2) and (A14) in Appendix A], which will be discussed in detail in Sec. V.
Our results for the TDCS, in which we account either for real (dashed curves) or imaginary (dotted curves) parts of the CGF, are presented for the excess energies of 25 eV and 60 eV in Fig. 10 . As one sees, the real part alone gives a correct qualitative description of the TDCS for intermediate and large mutual ejection angles for all excess energies presented, while the imaginary part of the CGF gives only a small correction. Our analysis of other kinematical situations for excess energies up to 60 eV (not presented in Fig. 10 ) reveals similar findings. We conclude therefore, that the dominant physical mechanism for PDI at intermediate excess energies and intermediate and large mutual ejection angles is the virtual (off-shell) knock-out process. This conclusion appears to be gauge invariant: a similar analysis of the amplitudes calculated using the length form for the dipole transition operator (not presented here) shows that for intermediate energies the relative contribution of the on-shell knock-out mechanism in the length gauge is even smaller than that in the velocity gauge. Note that, as follows from the equations corresponding to Eqs. (11) and (13) for the partial-wave amplitudes, M F ͑l 1 ,l 2 ͒ , the on-shell knock-out contribution (given by the imaginary part of the CGF) is gauge independent, provided a single basis set is used in the calculation [because the quantity ⌬M ͑l 1 ,l 2 ͒ in Eqs. (11)- (13) is real, apart from the multiplicative Coulomb phase-shift factors that appear in each term of Eq. (11)]. Although we use two different basis sets in our model, the absolute values of our on-shell knockout mechanism contributions are of the same magnitude in both length and velocity gauges, while the contributions of the off-shell knock-out mechanism are two to three times larger in the length gauge. Thus, although the shapes of the length-gauge TDCSs are very similar to the velocity-gauge ones, the quantitative discrepancies between the lengthgauge TDCSs and the absolute experimental data are much greater [40] . 
C. High excess energies
The results of several of our calculations show that our first model, which accounts for electron correlation only in the final state, fails to describe the TDCS correctly at high excess energies (i.e., for excess energies of a few hundred eV). We find that an account of electron correlations in both final and ground states is necessary at such excess energies.
In Fig. 11 we present results using our LOPT approach with account of both FS and GS correlations, in which the bare charge Z = 2 is used in all unperturbed one-electron basis states. Because we include all diagrams of the given (i.e., the first) PT order, results of this calculation are gauge independent. We compare our results with the relative experimental data of Knapp et al. [36] and with the CCC calculation results of Kheifets and Bray [36] at an excess energy of 450 eV.
The plots given in Figs. 11(a) and 11(b) present the TDCS for a strongly asymmetric energy-sharing regime. In the case when the slow electron ͑2 eV͒ is ejected along the photon polarization direction, shown in Fig. 11(a) , the fast electron ͑448 eV͒ exhibits a p-wave angular distribution, which corresponds to the single ionization limit. In the case when the fast electron is ejected along the photon polarization direction, shown in Fig. 11(b) , the angular distribution of the slow electron shows clear evidence of shake-off into the s-wave continuum. As one sees, there are clear discrepancies between our calculated TDCS and the CCC results for this strongly asymmetric energy-sharing case.
The TDCSs presented in Figs. 11(c) and 11(d) correspond to another case of unequal (but not so strongly asymmetric) energy sharing. For this kinematical situation, the LOPTcalculated TDCS is comprised of a strongly destructive interference between the FS and the GS correlation amplitudes. One sees that there is agreement of our results with the CCC results at large mutual ejection angles [͉ 12 ͉ Ͼ 90°in Fig.  11 (c) and ͉ 12 ͉ Ͼ 120°in Fig. 11(d)] and disagreement for small mutual angles.
In summary, our LOPT results confirm that while the PDI is dominated by the knock-out mechanism at intermediate excess energies, for high excess energies (of a few hundred eV) electron correlation in the ground state becomes at least of equal importance.
D. Contributions of high angular momenta
Theoretical treatments for high-energy PDI must necessarily account for a large number of electron orbital angular momenta. Therefore it is of interest to study how the contributions of high angular momenta depend upon excess energy.
It can be seen from Figs. 3-9 , where we compare results that account for sp, pd, and df final-state two-electron channels with results that account exactly for all angular momenta, for excess energies of tens of eV the relative contribution of high angular momenta (i.e., l Ͼ 3) is almost negligible. The discrepancies between these two descriptions are seen to become noticeable only at an excess energy of 80 eV (cf. Fig. 9 ).
In contrast, at higher excess energy (of the order of hundreds of eV), especially for not very asymmetric energy shar- Full curves, present exact results (using the full CGF, G E F ); dashed curves, "virtual" knock-out only (i.e., using Re G E F ); dotted curves, "direct" knock-out only (i.e., using Im G E F ). [36] . The experimental data of Knapp et al. [36] have been normalized to the CCC results, as in Ref. [36] .
ing, the contribution of higher angular momenta ͑l Ͼ 3͒ is comparable to that of the sp, pd, and df channels. Our calculations of the sp, pd, and df partial-wave amplitudes at high excess energy allow us to find the relative contributions of each channel. For the cases of equal energy sharing and an excess energy of E exc = 200 eV, we find that ͉a 0 ͉ / ͉a 1 ͉ = 1.5 and ͉a 1 ͉ / ͉a 2 ͉ = 4.9, for E exc = 300 eV, ͉a 0 ͉ / ͉a 1 ͉ = 1.4 and ͉a 1 ͉ / ͉a 2 ͉ = 4.0, for E exc = 450 eV, ͉a 0 ͉ / ͉a 1 ͉ = 1.3 and ͉a 1 ͉ / ͉a 2 ͉ = 3.5. Thus, the relative contributions of higher angular momenta increase with increasing excess energy. For the case of a very asymmetric energy sharing, however, E 1 = 448 eV and E 2 = 2 eV, ͉a 0 ͉ / ͉a 1 ͉ = 1.2 and ͉a 1 ͉ / ͉a 2 ͉ = 7.6. Therefore, in this case the contribution of the df channel is much less than that for the symmetric energy-sharing case.
IV. ANALYSIS OF THE TDCS AND CIRCULAR DICHROISM FOR THE CASE OF CIRCULARLY POLARIZED LIGHT
In this section we use our LOPT approach to elucidate the dominant physical mechanism of PDI which is responsible for the circular dichroism effect, and to analyze the general properties of the CD parameter. By introducing the notation ͑͒ϵ TDCS ͑͒, where is the degree of circular polarization of the incident light, the absolute and normalized CD parameters ⌬ cd and ␦ cd are defined as
We carry out our analysis for the geometrical arrangement used in the experiment of Ref. ͓31͔, in which the electrons are ejected in the plane perpendicular to the photon wave vector. We denote the mutual ejection angle between the two electrons by 12 . Therefore, the explicit expressions for the CD parameters, which follow from Eq. ͑5͒, are
In Fig. 12 we present our results for both the TDCS and the CD effect parameter in Eq. (42) for the case of an excess energy of 20 eV and for several energy sharings for which absolute experimental data are available [31] . As can be seen from Figs. 12(a)-12(d), our predictions for the TDCS (full curves in bold), are in reasonable agreement with experiment for all energy sharings considered. Excellent agreement with experiment is found for the circular dichroism parameter (full curves in bold), presented in Figs. 12(e)-12(h). Analysis of our results for this case enables us to elucidate the physical mechanisms of the CD effect, which is the subject of Sec. IV A below.
At the excess energy of 60 eV, our predictions for the dichroism parameter ⌬ cd in Eq. (41) agree in general with those of the HRM-SOW calculations of Ref. [37] , as shown in Fig. 13 . A striking discrepancy, however, is that our results predict two nongeometrical zeros: one in the vicinity of 12 = 90°and the second one near 12 = 40°, while according to the predictions of Ref.
[37] ⌬ cd is zero only for 12 = 0 and 12 = 180°, which are the so-called "geometrical zeros." In Sec. IV B. below we analyze in detail the occurrence of these nongeometrical zeros of the CD parameters.
A. Physical mechanism of the CD effect
As pointed out in Sec. III, the dominant mechanism of PDI by linearly polarized light at intermediate energies is the virtual knock-out process. In Fig. 12 we present the separate contributions of the real (dashed curves) and the imaginary (dotted curves) parts of the CGF to the TDCS and to the ␦ cd parameter in Eq. (42) together with the results which account for both contributions (full curves in bold). As one can see from this figure, PDI by circularly polarized photons is also dominated by the virtual knock-out process. This fact allows us to identify the origin of the CD effect in PDI for intermediate excess energies.
As shown by the general parametrization of the TDCS in Eq. (5), the CD effect originates from an interference between the amplitudes f 1 and f 2 and is nonzero only for complex amplitudes f 1 and/or f 2 . If one neglects the contribution of the imaginary part of the CGF to the PDI transition amplitude (7), the transition amplitude remains nevertheless complex (and thus non-Hermitian) and predicts a CD parameter that is in agreement with experimental data. This complexity of the amplitude stems from the complex multiplicative factors exp͕i(␦ l 1 ͑p 1 ͒ + ␦ l 2 ͑p 2 ͒)͖, which are due to the nonzero Coulomb phase shifts, ␦ l ͑p͒. Note that in the planewave Born approximation for the one-particle continuum wave functions p ͑−͒ ͑r͒, the amplitude is real (assuming the imaginary part of the corresponding Green function is negligible) and thus the CD effect vanishes. However, if one takes into account even the first Born correction (due to the Coulomb potential), then the transition amplitude becomes complex and the CD effect becomes nonzero. Account of the first Born correction corresponds to account of elastic scattering of the photoelectrons from the nucleus. Indeed, a simple analysis shows that the imaginary part of this first-Born PDI amplitude factorizes into a product of the plane-wave PDI amplitude and the amplitude for elastic Coulomb scattering of one of the electrons. Therefore, the fact that the transition amplitude is complex primarily due to the Coulomb phase shifts (owing to the smallness of the contribution of the imaginary part of the CGF to the FSC amplitude) allows us to draw the conclusion that the CD effect originates from the interference of two two-electron phase-locked wave packets: one, consisting of (freely-propagating) plane waves and the other that is elastically scattered from the nucleus.
B. Nongeometrical zeros of the CD parameters
The origin of nongeometrical (i.e., dynamical) zeros of the CD parameters has become a longstanding question since the general structure of the CD parameters was first analyzed in Refs. [15, 16] . The geometrical zeros of the dichroism parameter ⌬ cd are due to zeros of sin 12 in Eq. (41) and occur at 12 = 0 and 12 = 180°. The existence of nongeometrical (or dynamical) zeros of ⌬ cd , originating from zeros of the dynamical factor Im͕f 1 f 2 * ͖, were predicted [16] . In a numerical example in Ref. [16] , the position of a zero point of the CD parameters as a function of the coordinates ͑E 1 , E 2 , 12 ͒ was estimated to be at E 1 = 31 eV, E 2 = 3 eV, and 12 = 90°. Nongeometrical zero points of the CD parameters have also been both predicted by recent CCC calculations and measured experimentally (for an excess energy of 20 eV), in the vicinity of 12 = 90° [31] . However, dynamical zeros for the CD parameter were not found in all studies of the effect. As mentioned above, dynamical zeros were neither predicted by the HRM-SOW theory nor observed experimentally for an excess energy of 60 eV [57] .
In contrast to the results of Ref.
[57], we find that for an excess energy of 60 eV (for energy sharings of R ϵ E 1 / E 2 = 5 and R =11) there are two nongeometrical zero points in the CD parameter in the vicinities of 12 = ± 90°, indicated by the arrows in Fig. 13 . This case is thus similar to that for an excess energy of 20 eV, shown in Fig. 12 . Our theory also predicts two additional nongeometrical zero points in the vicinities of 12 = ± 40°, but these might be an artefact of our LOPT approach, which does not provide accurate values for the TDCS for small mutual ejection angles. An independent ab initio calculation would be necessary to either confirm or reject these latter predictions.
Use of our LOPT approach together with the parametrization of the amplitudes f 1 and f 2 in Eq. (27) , permits us to gain some insight into the appearance of two of the nongeometrical zeros of the CD parameter, namely, the ones which occur in the vicinity of 12 = ± 90°. By substituting the amplitudes f 1 and f 2 given by Eq. (27) into the expression for ⌬ cd in Eq. (41), ⌬ cd takes the following form: Table II . Our results indicate that Eqs. ͑43͒ and ͑44͒ have two real roots for almost all excess energies up to 50 eV ͑except for one kinematical situation for E exc =9 eV͒, while for higher energies there are several situations when there is only one real root. As predicted by Eq. ͑43͒, one of the two zeros usually appears in the interval of 14.6°Ͻ 12 Ͻ 40.1°, while the second zero appears in the interval of 81.3°Ͻ 12 Ͻ 88.4°as the excess energy is varied from 9 eV to 80 eV. One sees that the predictions for the CD parameter zero points near 12 = 85°, obtained using Eq. ͑44͒, are in agreement with those obtained using Eq. ͑43͒. On the contrary, the predictions for zeros near 12 = 40°, obtained using Eq. ͑44͒, are very different from ͑and less accurate than͒ those obtained with Eq. ͑43͒. This difference occurs because for small mutual ejection angles the contribution of the df channel ͓which is neglected in Eq. ͑44͔͒ is important. As mentioned above, an independent calculation is necessary to confirm or reject the existence of the zeros in the CD parameters predicted by our LOPT approach.
C. CD as a function of the energy sharing
One can use the parametrization (27) for the polarizationinvariant amplitudes f 1 and f 2 to analyze the dependence of the CD effect upon the energy sharing between photoelectrons. In Fig. 14 we present the parameter ⌬ cd as a function of the difference of the final-state electron momenta, p 1 − p 2 , for an excess energy of 20 eV for various mutual ejection angles in the interval 100°ഛ 12 ഛ 170°. The most interesting fact is that, as can be seen from Fig. 14 , the parameter ⌬ cd depends nearly linearly upon p 1 − p 2 over a very wide range of energy sharing configurations, from E 1 = E 2 =10 eV up to E 1 = 17.0 eV and E 2 = 3 eV, for all mutual ejection angles considered.
V. DISCUSSION
In general, PDI is an essentially two-electron process whose description requires a proper account for electron correlations in both the initial 1 S 0 state and the P wave, final two-electron continuum state. However, we have demonstrated that account of electron correlation only in the final state and only in the LOPT provides TDCSs which are in reasonable agreement with both the existing experimental data and the results of numerically intensive, ab initio calculations for excess energies up to 80 eV. We have interpreted this somewhat surprising and unexpected result as evidence that the dominant physical mechanism of PDI for the energy interval considered is the absorption of a photon by one of the electrons with subsequent, correlation-induced redistribution of the energy between the two electrons. Our results show that taking account of interelectron interaction only in the lowest PT order is sufficient to reproduce the experimen- tal data over a wide interval of kinematical conditions and excess energy sharings, with the only exception being the case of small mutual ejection angles, for which the TDCS is suppressed by Coulomb repulsion and for which a LOPT description is inadequate. This simple approximation is also capable of describing the delicate interference effects responsible for circular dichroism. Of course, it is not possible to present a priori theoretical arguments why high-order correlation effects are unimportant for the kinematical situations we have considered, owing to the fact that the correlation parameter, 1 / Z, for He ͑Z =2͒ is not a small parameter. However, below we present our perspective on the treatment of electron-electron interactions using a LOPT approach and attempt to explain its success in the present work.
A. On the applicability of the LOPT approach to treatment of interelectron interactions in PDI of He
When discussing the problem of convergence of PT expansions for Coulomb perturbations in atomic processes, one should distinguish between PT account of electron-nuclear, V en , and electron-electron, V ee , interactions. Usually, the former approach is used in collisional problems, in which V en interactions (or both V en and V ee ) are taken into account using a plane-wave basis set (i.e., employing free-electron Green functions). The accuracy of such Born-like expansions is rather unclear and depends on the parameters of a particular problem; even the question whether such a PT series is convergent, asymptotic, or even initially divergent, is open. This circumstance may create an impression that PT treatment of Coulomb interactions is always questionable. However, since the convergence properties of any PT expansion essentially depend not only on the form of the perturbation operator, but also on the choice of the unperturbed basis set, the situation is quite different when V ee is taken into account using a Coulomb basis set (i.e., employing Coulomb Green functions). In particular, this is the case for the PT treatment of the correlation interaction V ee in bound state and photoionization (including PDI) problems for He and He-like ions.
The PT expansion of the ground-state energy of a nonrelativistic He-like ion in powers of 1 / Z,
may be expected to be a convergent series even for Z =2 ͓58͔. Thus, the question is only the convergence rate, which is defined by the Z-independent atomic parameters ⑀ ͑n͒ . For ground and ͑2p͒ 2 3 P states, these parameters are obtained in Ref.
͓59͔ up to n = 20. It is interesting that each of the few first coefficients ⑀ ͑n͒ in the expansion ͑45͒ decreases by about one order of magnitude with increasing n. As a result, even for neutral He ͑Z =2͒, the sum of the three leading corrections to E ͑1s͒ 2 ͑0͒ =−Z 2 = −108.84 eV ͓i.e., E
͑1͒
= ͑5/8͒Z = 34.02 eV, E ͑2͒ = −4.29 eV, and E ͑3͒ = 0.12 eV͔ practically coincides with the experimental value E ͑1s͒ 2 expt Ӎ −79.02 eV. (For the ͑2p͒ 2 3 P-state, the convergence is similar ͓59͔.) Thus, the account of only the two lowest-order ͑i.e., Z −1 and Z −2 ͒ correlation corrections gives a value of the ground-state energy of He to within a few percent, which is quite acceptable for many applications in which high ͑spec-troscopic͒ precision is not necessary or can be achieved by using spectroscopic experimental data. For bound-continuum transitions, a global estimate of the importance of contributions from the next-order (in V ee ) corrections to the LOPT result (especially for small Z, Z ജ 2) cannot be obtained, since those contributions depend on the parameters (mostly, on the electron energies) of the particular problem considered. Specifically, the important difference between PT treatments of V ee for bound-bound and boundcontinuum transitions is that in the latter case, in each order of PT in V ee , the nuclear charge Z enters the PT result not only as a multiplicative factor [as in Eq. (45)] but also through the electron energy-dependent parameters (the socalled Coulomb factors of the form = Z / ͱ 2E), which characterize the intensity of electron-nuclear interaction V en in the intermediate (virtual) and final (continuum) states of the escaping electron(s). Generally, as the Coulomb factors decrease in magnitude, so do the corresponding transition amplitudes. Thus, for different energy intervals, both the magnitudes of LOPT and high-order PT terms and the relative importance of sequential terms in the PT expansion of a physical amplitude in the parameter 1 / Z may be different in general. For multicharged ions, these deviations may have little consequence since the contribution of each next-order term in V ee is suppressed by the overall factor 1 / Z. However, this factor is not a small parameter for Z տ 2; thus the accuracy of LOPT results in this case requires a special analysis for each particular problem.
Below we shall summarize some arguments concerning the accuracy of LOPT TDCS results for the PDI of He. Of course, the most convincing analysis would be the direct calculation of high-order corrections in 1 / Z; however, this challenging problem is scarcely realizable at the present time since treatment of even the next-order (in Z −1 ) correction requires an accurate estimation of multiple integrals involving three CGFs G E ͑r , rЈ͒, including integration over the energy parameters in two of them. Instead, we show that some conclusions may be made, based on the general remarks discussed above, on the existing PT analyses for angleintegrated cross sections and on comparisons of our LOPT TDCS results [40] with experimental and other ab initio theoretical data. In the LOPT treatment of PDI, the Coulomb
where E is the virtual electron energy (the energy parameter of the CGF G E ). Effects of V en are negligible only in the (Born) limit of small Coulomb factors. For the VUV region of photon energies explored in the present work, the Coulomb factors are of the order of unity or less; thus V en should be taken into account exactly. Moreover, the interplay between Coulomb factors essentially determines the energy dependence and the magnitude of the dynamical atomic parameters (i.e., the radial matrix elements; see Appendix A) and, thus, the relative magnitudes of the contributions of the diagrams in Figs. 1(a) and 1(b) to the total PDI amplitude.
For the FSC [ Fig. 1(a) ] and GSC [ Fig. 1(b) ] diagrams, the values of the Coulomb factors corresponding to the intermediate states, F and G , are quite different, since G is purely imaginary:
The radial CGF, g l ͑E ; r , rЈ͒, with negative E = E G , is localized mostly at small r and rЈ. It thus has a much larger overlap with the ͉1s͘ orbital as compared to the case of FSC, where E F (and thus F ) is positive and g l ͑E F ; r , rЈ͒ oscillates as a function of r and rЈ. Quantitatively, this formal analysis shows that for moderate excess energies (for which the oscillations of the Coulomb wave functions of the final state are not too fast), the magnitude of the (real) GSC radial matrix elements is higher than that for FSC. Owing to the large magnitude of the LOPT result for GSC, it is clear that the LOPT treatment of GSC is inadequate, as the first-order contribution overestimates the extent of ground-state electron correlations, and higher-order terms must be considered [9] . For this reason we use a simple variational ground-state wave function that gives-empirically-a reasonable description of both the initial-state energy and its spatial distribution. The use of this initial-state together with inclusion of only first-order electron correlations in the final state appears empirically to be sufficiently accurate for current experimental measurements at intermediate excess energies. However, with increasing excess energy, the situation changes, and in order to achieve better agreement with experiments it is necessary to account for both FSC and GSC on an equal footing. This fact again may be understood by considering the behavior of the spatial integrals in the radial matrix elements involving the CGFs. Indeed, with increasing excess energy, the radial CGF g l ͑E G ; r , rЈ͒ becomes localized even closer to the nucleus; however, on the other hand, the integration over rЈ involves also the Coulomb continuum state, R E f ,l f ͑rЈ͒, whose oscillations for large E f significantly suppress the absolute value of the GSC amplitude. Since it is reasonable to expect that for higher-order (in 1 / Z) GSC diagrams this tendency is even more significant than for the LOPT term, their contributions to the total GSC amplitude are thus not as important as for small excess energies. Consequently, at higher excess energy, the FSC and GSC LOPT contributions to the total amplitude of PDI become comparable and should strongly interfere. (Indeed, we have observed this in our numerical results for an excess energy of 450 eV.) We believe that these variations in LOPT treatments for intermediate and high energies and their formal analysis correspond physically to a change of the physical mechanism of PDI with increasing excess energy, i.e., to the growing role of the shakeoff mechanism at high energies.
Regarding final-state correlations, we note that the accuracy of our LOPT results is not uniform with respect to the mutual ejection angle ϵ 12 . Indeed, final-state correlations are strongest when the two ionized electrons leave the atom along directions having a small mutual angle. This is precisely the electron configuration for which our LOPT results are not in good agreement with either experiment or with other, more detailed calculations. However, for intermediate excess energies and not extremely asymmetric energy sharings, the TDCS for this configuration is small, since the largest values of the TDCS (aside from requirements of symmetry selection rules) occur for configurations in which the electrons leave with large mutual angles. For large mutual ejection angles, the photoelectrons are well separated from each other, making the correlation operator truly a perturbative quantity. As for the angle-integrated cross sections, it may be expected that they should be described reasonably well by LOPT since the contribution of small mutual angles (for which TDCSs decrease) should be small. As a justification of this statement we can consider the good agreement of exact theoretical results [60] for the ratio of double-to-single photoionization cross sections, ++ / + , for He, Li + , and O
6+
with those obtained from the parametrization of exact results based on the scaling law in Eq. (15) . This scaling law follows immediately from the LOPT analysis and was suggested in Ref. [47] assuming that Z → ϱ (which is equivalent to taking account of V ee only in the lowest nonvanishing order, i.e., to the LOPT result). In Ref. [47] it was also mentioned that there is reasonable agreement of numerical and scaled results for TDCSs. Finally, in a very recent publication [61] it has been shown that straightforward LOPT calculations of the ratio ++ / + are in reasonable agreement with experimental data for He for excess energies from threshold up to 300 eV.
B. On the physical mechanisms of PDI of He
Since in LOPT the PDI amplitude for intermediate excess energies is described by two diagrams [i.e., that in Fig. 1(a) and that with interchanged momenta p 1 and p 2 ], both of which describe the so-called direct (on-shell) and virtual (off-shell) knock-out mechanisms, analysis of their relative contributions allows one to elucidate the underlying physical mechanism of PDI. The analogy between the direct knockout mechanism for PDI and the similar mechanism for the ͑e ,2e͒ process has been noted some time ago [62] . However, in the case of PDI this analogy is incomplete, since we have a quite different kinematical situation: the direction of an intermediate electron momentum is not fixed and requires an integration over the differential solid angle. As discussed above, our approach involves the on-shell knock-out mechanism: taking into account only the imaginary part of the CGF in Eq. (7), the amplitude M F may be expressed as
where the integrand is a product of the single-electron photoionization amplitude ͑M ⑀ 1s →k Ј ͒ and an ͑e ,2e͒ amplitude ͑M k Ј →͑p 1 ,p 2 ͒ ͒ and where the integration is over all directions of the intermediate electron momentum kЈ. However, we find that this on-shell knock-out process does not give the dominant contribution to the PDI amplitude. On the contrary, the off-shell ͑or virtual͒ knock-out mechanism is more important. This mechanism of PDI does not assume a real collision between two electrons; moreover, the continuum state of an electron with energy E = ⑀ 1s + does not contribute to the real part of the CFG, G E , even as an intermediate ͑virtual͒ state.
Exhaustive information on the dynamics of PDI may be obtained by analyzing the energy dependence of the radial matrix elements R F ͑l 1 l 2 ͒ ͑p i , p j ͒, which are independent of the particular geometry and give us complete information on the dynamical parameters. The important questions to be an-swered are: (i) which individual electron angular momenta give the dominant contribution to the transition amplitude,
(ii) what are the relative contributions of the real and imaginary parts of the CGF in the corresponding matrix elements, and (iii) how do the answers to the first two questions above depend upon the excess energy and the energy sharing? In Table III we present the numerical values of the radial matrix elements R F ͑l 1 l 2 ͒ for excess energies of 20 eV and 80 eV, for several of the lowest angular momentum pairs and for various energy sharings (the energy sharing ratios R ϵ E 1 / E 2 for the case of 80 eV are the same as for 20 eV). As may be seen from Table III , the matrix elements having angular momenta ͑l 1 , l 2 ͒ equal to ͑1,0͒, ͑0,1͒, ͑2,1͒, and ͑1,2͒ give the dominant contributions to the transition amplitude. The real parts of R F ͑21͒ and R F ͑12͒ are larger than their imaginary parts by approximately one order of magnitude, and the real parts of R F ͑01͒ are also larger then their imaginary parts. Only in the matrix elements R F ͑10͒ (which give the smallest contribution to the transition amplitude within this group) are the imaginary parts larger then the real parts. This fact implies that the on-shell knock-out process is relatively more important for the R F ͑10͒ matrix element than for the others, for which the off-shell knock-out mechanism dominates. Also, the probability of the latter PDI events is greater for those kinematical situations in which, after the inelastic electron-electron collision, the primary electron leaves with higher energy ͑E 1 ͒ than the secondary electron, in agreement with classical arguments.
At higher excess energies, such as at 450 eV, account of correlation in both initial and final states becomes necessary and the LOPT approach provides reasonable agreement with experiment only for large mutual ejection angles. It is reasonable to expect that with increasing excess energy, the accuracy of a LOPT account for FSC should become even better than for intermediate energies. Thus, in order to extend our results to a wider interval of excess energies, a more exact account of GSC is necessary. Assuming that only the diagram in Fig. 1(a) is sufficient to account for FSC contributions, one may neglect FSC effects in calculations of highorder correlation corrections to the GSC diagram Fig. 1(b) or, equivalently, to replace the diagram Fig. 1(b) by an effective matrix element involving an uncorrelated final state and an appropriately highly correlated initial state, which may be used to describe the shake-off mechanism of PDI. In this way the PDI amplitude takes the form of a sum of the knockout and shake-off amplitudes. By neglecting their interference, we would recover the results of Ref. [63] , in which the PDI cross section is approximated by a sum of independent shake-off and knock-out contributions (with the latter estimated classically). We note that calculation of the knock-out contribution in our approach, which involves partial-wave expansions, is not more complicated than the quasiclassical analysis of Ref. [63] . Furthermore, it gives reasonable results for the angle-resolved absolute TDCS, for which the accuracy of quasiclassical simulations is unclear.
C. On the importance of the large-r and small-r electron correlations
In order to estimate the importance of large-r and small-r correlations for the PDI amplitude, we have compared the radial matrix elements R F,G ͑l 1 ,l 2 ͒ evaluated using the asymptotic (r → 0 and r → ϱ) expressions for the function u pl ͑r͒ [using Eqs. (A30) and (A31)] with the exact results. We have found that for intermediate excess energies, such as 20 eV, the large-r correlation and small-r correlation terms in the matrix elements R F are of the same order of magnitude and that there is a strong interference between them, which implies the importance of both small-r and large-r correlations. On the contrary, for the case of higher excess energy, such as 450 eV, we find that the large-r correlation terms are negligible in both R F and R G matrix elements, which implies the importance of the small-r and intermediate-r correlations.
VI. CONCLUSIONS
To summarize, we have used a LOPT approach (in the interelectron interaction) to evaluate the TDCS for PDI of He over a wide range of excess energies and, for the case of circularly polarized photons, to analyze the circular dichroism effect. We have found that for an excess energy of the Table I . order of tens of eV, the PDI process is dominated by the virtual (off-shell) knock-out mechanism, while the direct (on-shell) knock-out mechanism is rather small for the large mutual angles at which the CD effect is maximum. As a result of these findings, we can deduce that the CD effect in PDI at intermediate energies originates from the nonzero electron Coulomb phase shifts, i.e., from the interference of two two-electron, phase-locked wave packets: one composed of plane waves and the other that is elastically scattered from the nucleus.
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We wish to thank M. Achler, L. Avaldi, R. Dörner, and T. Reddish for providing us with their experimental data, and J. (18) into Eqs. (7) and (9), and using the fact that ͑e · ١ r ͒ 0 ͑r͒ =−Z s ͑e · r͒ 0 ͑r͒. After performing the angular integrations by means of Eq. (22), the expression for D F ͑l 1 l 2 ͒ may be written as follows:
where l 2 = l 1 ±1, l Ͼ = max͑l 1 , l 2 ͒ and R F ͑l 1 l 2 ͒ is the radial integral,
In this equation, the function u p 2 l 2 ͑r͒ is related to the correlation potential U p 2 ͑r͒ as follows:
͑A3͒
The expression for u p 2 l 2 ͑r͒ thus follows from Eqs. ͑9͒ and ͑18͒,
where r Ͻ = min͑r , rЉ͒ and r Ͼ = max͑r , rЉ͒. Thus, the radial matrix elements in Eq. ͑A2͒ involve three radial integrations. In order to extract an explicit dependence of u p 2 l 2 ͑r͒ on r, we use the standard integral representation for the confluent hypergeometric function, ⌽, that enters the expression ͑19͒ for R p 2 l 2 ͑r͒ to obtain
͑A5͒
The integration over rЉ in Eq. ͑A4͒ can be performed analytically in terms of elementary functions ͓see Eqs.
we thus obtain the following expression for u pl ͑r͒,
where C pl and pl ͑r , x͒ are given by
and where = Z s + ip͑1−2x͒. Using Eq. ͑A6͒ and the integral representation ͑20͒ for the radial part of the CGF, g 1 ͑E ; r , rЈ͒, the integrations over the variables rЈ and r in Eq. ͑A2͒ may be performed analytically in terms of elementary functions, leaving for numerical calculation only the integrations over x ͓see Eq. ͑A6͔͒ and the variable u in the integral representation ͑20͒ for g l ͑E ; r , rЈ͒. The integrals involving the modified Bessel function I 2l+1 [cf. Eq. (20) ] are evaluated using the formula [64] 
where the confluent hypergeometric function ⌽͑l +1−n ;2l +2;z͒ with integer parameters is either a polynomial in z ͓for n ജ ͑l +1͔͒ or reduces to elementary functions. Such reduction may be performed by using the recurrence relations for ⌽ to express it in terms of ⌽͑1/2+ ;1+2 ; z͒ with halfinteger , which may be expressed as a 
and where ϵ F =1/ͱ−2͑E p 1 + E p 2 − ⑀ 1s ͒ = i͉ F ͉. Thus, the parameter for the FSC diagram in Fig. 1͑a͒ is imaginary, which leads to the complexity of R F ͑l 1 l 2 ͒ ͑p 1 , p 2 ͒, whose imaginary part corresponds to the direct ͑on-shell͒ knockout PDI amplitude. After substituting Eqs. (19) and (A10) into Eq. (A2) and taking into account Eqs. (A6)-(A8), the integration over r which involves R p 1 l 1 ͑r͒ may be performed using the formula 
͑A13͒
The resulting two-dimensional integral for R F ͑l 1 l 2 ͒ may be written in the following form:
Note that the functions J k,m ,␤ ͑͒ defined in Eq. ͑A12͒ may be reduced to elementary functions as discussed below Eq. ͑A12͒.
Evaluation of the GSC parameters
In order to evaluate the GSC amplitude in Eq. (8), we first carry out the angular integrations in Eq. (8) by means of the Wigner-Eckart theorem. Next, we integrate over r by parts to move the action of the differential operator d / dr from the CGF to the function R p 1 l 1 ͑r͒ (i.e., the radial part of p 1 ͑−͒ ).
Thus, the function D G ͑l 1 l 2 ͒ ͑p 1 , p 2 ͒, introduced in Eqs. (21) and (23), has the following form:
where the radial integral R G ͑l 1 l 2 ͒ is defined as
and sgn͑z͒ is the sign of z. The integral over rЈ in Eq. ͑A17͒ involves u pl ͑rЈ͒ and is thus much more complicated than the corresponding FSC integral over rЈ in Eq. ͑A10͒. Substituting Eqs. ͑20͒ and ͑A6͒ into Eq. ͑A17͒ and using Eq. ͑A9͒ gives the following result for the integral over rЈ in Eq. ͑A17͒,
and ␥ is defined by Eq. (A11 where 0 = ip 1 + Z s . Since the confluent hypergeometric functions ⌽ in Eqs. (A21) and (A19) have the same lower parameter, m =2l +2, integrals involving the product of two functions ⌽ are calculated using a known result (see Eq. 6.15 (22) in Ref. [61] ). For our purposes, we present this result as where 2 F 1 for integer k and m reduces to elementary functions, similarly to the one in Eq. ͑A12͒. Therefore, taking into account Eq. ͑A19͒, the radial matrix elements ͑A17͒ may be presented in terms of two-dimensional integrals having a structure similar to that in Eq. ͑A14͒ for the radial matrix elements of the FSC amplitude. The final result for l 1 = l 2 +1 ͑i.e., l 2 = l, l 1 = l +1͒ is The Eqs. (A14), (A25), (A22), and (A28) present our final results for the radial matrix elements R F,G ͑l 1 ,l 2 ͒ , which may be easily calculated numerically for an arbitrary set of individual photoelectron orbital angular momenta l 1 and l 2 = l 1 ± 1. Note that the integrals over x in these equations that involve the functions J͑͒, K͑͒, and J͑ 0 ͒ (all three of which are independent of x) may be calculated analytically in terms of elementary functions, 
͑A29͒
where is defined below Eq. ͑A8͒, s = Z s / p 2 , and k =0 or 2, so that 2 F 1 reduces to simple polynomials. The contributions of integrals of the form in Eq. ͑A29͒ to R F,G ͑l 1 ,l 2 ͒ correspond to the account of only the large-r asymptotic behavior of the correlation potential u pl ͑r͒ in Eq. ͑A6͒, which is defined by the asymptotic behavior of the function pl ͑r͒, pl ͑r͒ Ϸ ͑2l + 2͒! 2l+3 r −l−1 , r → ϱ. ͑A30͒
As can be seen from Eqs. ͑A2͒ and ͑A17͒, in this approximation the dependence of R F,G ͑l 1 ,l 2 ͒ on the photoelectron momenta factorizes to the product of two independent functions of p 1 and p 2 ͑in contrast to the exact results͒. The small-r asymptotic behavior of the function pl ͑r͒ in Eq. ͑A8͒ is given by pl ͑r͒ Ϸ r l 2 , r → 0, ͑A31͒ so that a similar factorization appears as well in this approximation. 
͑B6͒
In these expressions C is a normalization factor, 
͑B8͒
The parameters 1 
